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Analytical and Computational Study of Wall Temperature
Jumps in Supersonic Flow
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The local viscous-inviscid interaction field generated by a wall temperature jump on a flat plate in supersonic
flow is studied in detail by the use of both a Navier-Stokes numerical code and an analytical triple-deck model.
Treatment of the rapid heat transfer changes both upstream and downstream of the jump is included. Closed-form
relationships for the pressure and heating variations, including upstream influence, are derived from the triple-
deck theory and are found to be in good agreement with the numerical solution of the compressible Navier-Stokes
equations. Such relationships not only clarify the interactive physics involved, but also are useful in preliminary
design of thermal protection systems and as an insertable module to improve computational fluid dynamics code
efficiency when applied to such small-scale interaction problems. Further examined is the connection between the
triple-deck solution and the classical boundary-layer theory treatment of the wall temperature jump problem; the
latter is shown to be similar to the far wake limit of the inner interactive behavior astride the jump.
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reference length (see Fig. 1), equal to X,
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pressure perturbation variable; Eq. (20)
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static pressure

wall heat transfer rate

qw/qw(l; Eq (26)

Reynolds number =78, p,, Uy, L/ 11

v,/ Uy , total streamline slope along the
boundary-layeredge

= absolute static temperature

freestream total temperature, Ho,, / C,,
streamwise velocity perturbation variable; Eq. (17)
= freestream velocity at edge of incoming boundary
layer

velocity components in the x and y directions,
respectively

= transformed normal velocity; Sec. III.A
normal velocity perturbation variable; Eq. (18)
temperature jump station

streamwise and normal coordinates,respectively
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0 = discontinuousjump function; Eq. (16)

K = upstream influence parameter; Egs. (25) and (26)

A = Blasius solution constant, 0.332

u = coefficient of viscosity=pv

P = density

X = viscous interaction parameter, Crgr M2, ReL_”2

10} = viscosity temperature-dependerce exponent
(n~T)

Subscripts

AD = adiabatic wall conditions

B = body surface

e = local inviscid flow conditions at boundary-layer
edge

REF = based on reference temperature

w = wall surface conditions

0 = undisturbed boundary layer ahead of interaction
zone

o8] = freestream conditions

+, — = conditions downstream and upstream of jump,
respectively

Superscripts

A = enthalpy function; Eq. (16)
" = nondimensional variables from triple-deck theory;
Egs. (1-6)

I. Introduction

HE compressible laminar viscous flow along a nonadiabatic

surface that contains a temperature jump is a basic problem
that arises in contemporary aerothermodynamicsowing to the pres-
ence of wall material or emissivity discontinuities. It is an impor-
tant problem to solve in detail because the resulting local viscous-
inviscid interaction field in the vicinity of the jump contains large
heat transfer surges that are of concernin thermal protection system
design;it also containsmany features in common with the analogous
problem of flow past a jump in surface catalycity.' The problem is
a challenging one because of the very short streamwise scale and
complicated flow physics therein, which are difficult and costly to
resolve even by the best of available Navier-Stokes computational
fluid dynamics (CFD) codes. The present investigation addresses
this wall temperature jump problem for the case of supersonicideal
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gas flow using a combined analytical-numerical approach involv-
ing a triple-deck theory analysis and a specially modified version of
the well-known LAURA code.? Our goal is to illuminate the basic
interactive physics of such temperature jumps, while providing an
engineeringtool for calculatingimportant features (such as the local
heat transferbehaviorand upstreaminfluence) that can be imbedded
within a larger-scale CFD code.

II. Problem Definition

As schematically illustrated in Fig. 1, we consider an incoming
nonadiabaticlaminar boundary layer with supersonic external flow
thatencountersan arbitrary wall temperature jump (from 7, to 7,")
at some arbitrary streamwise station L. The incoming boundary-
layer profile is modeled by self-similar compressible flat plate ve-
locity and total enthalpy profiles, and the overlayingdisturbed exter-
nalinviscidflow is assumed to be governedby linearized supersonic
theory. Furthermore, the Reynolds number Re; is taken to be very
large such that the small parameter & =ReL_”8 is small compared
to unity along with the boundary-layer thickness ratio &/L ~ &*.
Finally (as well-supported by our numerical results in which CFD
solutions with and without streamwise diffusion essentially overlap
on the scale of Fig. 2), the effects of streamwise diffusion may be
neglected even within the very short scale of the jump-generated
interaction zone as long as the gas flow behaves as a continuum.

Test conditions for the flat plate are presented in Table 1. The
plate is 30 cm long with a sharp leading-edge radius of 0.1 mm.
The flow is laminar, steady, and two-dimensional. The Mach 6 test
case is chosen to be compatible with operating conditions in the
NASA Langley Research Center (LaRC) 20-in. Mach 6 facility for
possible future testing. The Mach 4 and Mach 2 test conditions
with Re; =2.7 X 10° match the total enthalpy of the Mach 6 test
condition. The sensitivity of the results to Reynolds number was
checked by introducing a variation in freestream density at Mach 2
and Mach 4. The high Reynolds number, Mach 2 case most closely
matches the conditions assumed in the triple-deck analysis.

The wall temperature T is set to 300 K. Three jumps in surface
temperatureacross X ;, correspondingto AT,/ T,” =—0.1, 0.1, and
0.2 are considered. Two values for X ; =5.06 and 20.455 cm were
simulated in the Mach 6 case to quantify the influence of leading-
edge effects and boundary-layer growth; the pressure and heating
relaxation phenomena being investigated here associated with the
temperature jump occur on a comparable scale to these background
influences. Only the results for the jump at X ; =20.455 cm are pre-
sented here, and Reynolds number Re; values presentedin Table 1
are based on this location. This station is so far downstream of the
nose (2046 nose radii) that the local inviscid flow pressure gradients
due to nose bluntness and global displacement thickness growth are
both extremely small, the local boundary-layerprofile shape being
that of a flat plate flow at X = X ; (see Figs. 3 and 4). Comparisons
of numerical simulation and triple deck theory at X; =5.06 cm
are qualitatively and quantitatively similar to the comparisons that
follow at X; =20.455 cm.

For purposes of preliminary orientation, Fig. 2 presents some
wall pressure and local heat transfer results from the CFD code to
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Fig.1 Schematic of interaction generated by a wall temperature jump.

Table1 Flat plate test conditions

Mo Rey Poo » kg/m?3 Voo , M/ Tw,K T,,.K
2 2.7 X10° 3.433x 107! 654.6 265.9 300
2 2.7 %X10° 3.433x 1072 654.6 265.9 300
4 2.7 X10° 1.263 x 107! 881.6 120.4 300
4 2.7 %X10° 1.263 X 1072 881.6 120.4 300
6 2.7 X10° 5.850 X 1072 956.0 63.0 300
Mw = 2
0.08 Re, y |= 2,700,000
i |
r = Streamwise Diffusion Off
0.06 - _ Streamwise Diffusion On
B[
0.04 |
0.02|-
_llvl T ST N T T N T T O M S HOT
0™~55 -5 0 5 10
%
Pressure
1=
099
: MW = 2
- Re,, = 2,700,000
0.98|- AT, =30K
q [
097}
0.98 i ————— Streamwise Diffusion Off
a8 Streamwise Diffusion On
L ! I ! ! } ! 1 ! ! ! !
0955 5 0

Heat transfer upstream of jump

i
}_
of
[ M, =2
-1 Re_ , = 2,700,000
AT,=30K
A
q-2F
1
3f
- -- - Streamwise Diffusion Off
-4 - Streamwise Diffusion On
[
5 i | L : | 1] I | 1 ) 1 ! I}
0 5 10

Heat transfer downstream of jump

Fig.2 Typicalinteractive pressure and heating distributionsfor a weak
T,, increase (CFD).
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Fig. 3 Test case simulation with factor 100 increase (0.03 mm) in
streamwise resolution.

illustrate the typical nature of the interaction zone generated by a
weak (10%) wall temperature increase at Mach 2. It is seen that this
small wall temperature increase generates a dispersed weak com-
pressivedisturbance with an upstream influence and a slow decay in
the downstreamwakeregion,accompaniedby adropin thelocalheat
transfer upstream followed by rapid streamwise changes in heat-
ing around the maximum pressure rise before decaying to the new
downstream wall temperature value. The influence of streamwise
diffusionindicatedin Fig. 2 is seen to be altogether negligible from
an engineering standpoint. Clearly, understanding and analyzing
such small-scale, rapid-changing thermophysics will require some
powerful analytical tools: A triple-deck approach meets this need.

III. Analytical Study

A. Triple-Deck Formulation

For large Reynolds numbers, it is known that the local pertur-
bation field caused by an abrupt disturbance in boundary condi-
tions organizes itself into the three-layered structure’ shown in
Fig. 5. We have applied the leading asymptotic approximation
£— 0 of such a triple-deck theory to treat the specific case of a
wall temperature jump, where the disturbance field evidently de-
rives from the resulting density changes (compressibility effect) in
the inner deck. The analysis is formulated according to the fol-
lowing steps. First, the Howarth-Dorodnitzn transformation is ap-
plied into the inner deck analysis to capture the essential compress-
ibility effect from the wall temperature jump: We thus introduce
V(X,Y)= (pv/pow) + U0Y/0x and dY = (p/ p,,) dy along with
U(X,Y)=u(x,y) and X =x. Second, the reference temperature
concept® is used to describe the incoming undisturbed boundary-
layerprofiles, and the energy equationis formulatedin total enthalpy
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Fig.4 Comparison of pressure contours around x; = 20.455 cm in em-
bedded block with and without temperature jump.
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Fig. 5 Triple-deck structure of the interaction zone for very large
Reynolds numbers.

form to better capture the heat transfer aspects at the higher super-
sonic Mach numbers. Third, appropriately rescaled flow and coor-
dinate variables are introduced, in which the governing continuity,
momentum, and energy equations are expressed in nondimensional
form. For u ~ T, these are

0 5,3 3% 2 o+ d

R = (X/D)AT B3| & Clp(Trer/ Too) T (Tl Trer) "2 (1)

s
= (V1023 7] &5 Clup(Trer To) (T Trer)” T (2)

1
U = (U/ Uoo)ﬂ%| SCI;‘EFA%(TW/TOQ )(u+% (3)
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V= (VIUL| 8Bl (1,1 Ty @)
p=[(p - po)l puU2]BH] 2Ch0t )
A= pi(H-C,T)| Pr3(Hy, - C,T, )gCREFx'(Tw/Tw)%

(6)
where Tygr is evaluated according to Eckert for air (Pr =0.72) as
Trer/ Too = 0.50 + 0.039M2 + 0.50(T,/ Ts) 7)

On neglecting certain terms associated with very large degrees of
coolingthat can be shown® to be insignificant under most conditions
of practical interest, the resulting rescaled flow equationsdescribing
the dynamic and thermal interactive disturbances are as follows in
the leading asymptotic approximationas £ — 0:

oU oV
— +—=0 ®)
a8 oY
o0 . aU dp H  3*U
U—A+V—+—p—= > ©)
oX oY dXx H, a2
JO0H  0H _ 9°H
0—+V— =P '— (10)
oX oy ar?

where a term proportional to (Uy/ U, )* has been neglected com-
pared to unity in the coefficient of dp/dX in Eq. (9), whereas in
Eq. (10) a term proportional to (1 — P,)d/dy(uodu/0dy) has also
been neglected (a well-known accurate approximationeven in very
strongly bhypersonic flow®). The impermeable wall boundary con-
ditions on the solution to these equations are those of no slip
U(X, 0) V(X 0) =0 plus the imposed thermal jump across X
that (X< X,,00=H;, HX =X,,00=HA_[1 + (AT, /T])].
The corresponding heat transfer is determined from the resulting
value of 3H/aY at the wall and the reverse of transformations
Eqgs. (2) and (6) applied to the basic relation

NW
P, oy

=4, = (1 1)

The third step in the formulation is to provide outer boundary
conditions in the form of appropriate matching conditions with the
inner behavior as (y — 0) of the overlying middle deck. On using
the rotational inviscid flow equations pertaining to the middle deck
as ¢ — 0, combined with a tangent wedge model of the pressure-
deflection angle relationship for the local external inviscid flow,
these matching conditions are found to be

V(X,Y - ) =39 (12)

Y— o H
y§Y+/ ((;>— 1>df/ (14)
0 w

contains the displacement effect of the wall temperature jump.
[Equations (12) and (14) are of key importance in understanding
the interactive physics generated by a wall temperature jump; they
show that the cumulative inner deck compressibility effect due to
a T,, increase causes a vertical velocity disturbance and, hence, an
upward displacementof the overlayingdecks.] The disturbance flow
slope is linked to the pressure by

P =58.[V1+ (KuS)? + K. (15)

involving the local viscous interaction parameter K  that is propor-
tional to the global interaction parameter 7 '/2. Note that Eq. (15)
generalizesthe p vs §, relationshipof classical triple-deck theory to

the case of arbitrary hypersonicMach numbers;in the limit Ky — 0
it passes over to the usual linearized supersonic result p =3§,.

The fourthstepin the setupis therealizationthat the discontinuous
nature of the thermal boundary condition requires a splitting of
the enthalpy solution into two parts, one accommodating directly
the wall temperature jump and the other containing the upstream
influence effect plus an ability to provide matching with the middle
deck. Some preliminary study indicates that such a decomposition
takes the specific form

A=A;[1+J(AT,/T])-0%, D] +AX,Y)  (16)

with J =0 or 1 for X <0 or X > 0, respectively, and where we
require 0(x, 0) =1, A(X,0) =0, and 0(X, Y — o0 ) =

B. Linearization of the Problem

The final step is to restrict attention to the case of small fractional
temperature jumps, thereby linearizing the problem. This situation
is often the case in practice and in any event is formally justified by
AT, /T having to be 0(¢) in smallness [Eq. (16)] to the leading
order of asymptotic approximation used. Consistent with this, we
also adopt the weak interactionlimit Ky — 0 of Eq. (15) pertaining
to linearized supersonic inviscid flow in the outer deck.

Such linearizationis convenientlyimplemented by introducinga
new set of dependentperturbationvariables/, V, P, and ‘H, defined
by taking

0=+ (AT, 7)) -uUX, ) (17)
V= (ATl T7) - VR, 1) (18)

A H> AT, AT,
=1 (e ) 7 )+ ot o0
p= (AT, T7)-P(%) (20)

Then, substituting these into the preceding formulation and then ne-
glecting second-and higher-ordertermsin AT,/ T, , we obtaina set
of universal split boundary value problems that govern the nondi-
mensional 8, U, V, 'H, and P perturbation distribution functions.
The 0 field associated with the direct effect of the wall temperature
jump (which introduces no upstream influence) is independent of

the rest and is governed by the classical Airy-type of differential

equation
00 829
y— =pr! 21
oX aY2

subject to the downstream boundary conditions that (X, 0) =
and (X, ¥ — o00) =0. The small velocity and pressure perturbation
fields, which introduce upstreaminfluence, are governed by the pair
of well-known linearized triple-deck equations

0 0
MLy (22)
0X oY
U P U
Y_A + V + _? = — (23)
0X dX 0Y?

subject to the no-slip impermeable wall boundary conditions
U(X,0) =V(X, 0) =0 and the nonhomogeneous outer matching

condition
00 Y
L{(X,Y—wo):/ Qdf/—/ PdX
0 —0o0

involving the total integrated O field across the inner deck as the
driving effect. Finally, the attendant enthalpy perturbation field that
also exhibits upstream influence (being driven by the pressure dis-
turbance) is governed by
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N 22
Py =y
oX ar?

(24)
subjectto the conditions

X
H(X,0) =0, H(X,Y—>oo)=_/ PaR

C. Closed-Form Solution by Fourier Transformation

The foregoing linear boundary value problems are of a type that
has frequently arisen in triple-deck theory. In particular, they have
proven amenable to elegantanalytical solution by the Fourier trans-
form method (see, for example, Refs. 7-9). The same approachwas,
therefore, applied here as well.

Referring the interestedreader to the references for the typical de-
tails, taking the Fourier transformation with respectto X produces
a set of Airy-type ordinary differential equations that possesses
closed-formsolutions. Subsequent application of the inversion pro-
cess in concert with the residue theorem and careful attention to
contour integration for the downstream aspect of the problem then
ultimately leads to closed-form expressions for the unknown sur-
face property distributions. In the present work, application of this
procedure specifically to Eqs. (21-24) produces the following final
results for the scaled wall pressure and heat transfer distributions.
In the region X < X, (X < 0) upstream of the temperature jump, the
behavior is exponential in nature:

p(X) =C (AT, | T )e* (25)
4 =GulGe, =1 = C(AT,| T )e* (26)

where k =0.827 is a universal constant and the constants C; and
C, are givenin the Appendix. Downstream of the jump (X > 0) the
behavior is more complicated, culminating in fractional power law
decay in the far wake, as follows:

00 —% —Kt)?
20 =€ (A_T> [ e
0 3

T,; T+

w

~ C, (AT, TS)(X)73 27b)

for large X and

A AT, { Hy ( Cs )
G=1-(—=x — |1+ —=
( T, ) Hyp — H e(X)3

© premwX gy
-G -— (28)

o 13 +1t3+1
where the constants Cs, .. ., C are also givenin the Appendix. Note
that when X >> 1 the integral coefficient of C¢ in Eq. (28) takes the
negligibly small value I' (%)(KX )~*3. These analytical results will

be directly compared with the purely CFD predictionsand discussed
in detail hereafter.

IV. Navier-Stokes Numerical Simulation

A. Code Description

The CFD solutions are provided by LAURA.? Validating com-
parisons of this code with experimental data for hypersonic flows
in air are well documented in the literature.'°~!7 The code employs
upwind-biased,point-implicitrelaxation.Inviscidfluxes are approx-
imated with Roe’s averaging,'® eigenvaluelimiting similar to that of
Harten,' and Yee’s symmetric total variationdiminishingscheme.!’
Viscous fluxes are approximated with central differences.

Although a space marching code would normally be sufficient for
describing flow on a flat plate, it is not appropriate for the present
study because identification of upstream influences of the surface
temperature jump is of primary concern. Consequently, global re-
laxation of the governing equations is employed.

B. Grid Convergence

Sequences of successively finer streamwise girds were used to
resolve the flow in the immediate neighborhood of the temperature
jump. The initial grid used 200 cells from the leading to trailingedge
of the plate, and subsequent grids picked up converged solutions of
the flow sufficiently upstreamof x, to preclude any upstream effects
of the jump on the flow profiles. The simulations used 128 cells
across the shock layer; comparisons to a 64-cell simulationindicate
grid convergence. The outer boundary is aligned with the shock
emanating from the leading edge. The cell Reynolds number at the
wall averaged 0.25. The maximum stretching factor in the normal
direction was 1.12 occurring near the middle of the boundary layer
atk =50.

As noted, the initial coarsest grid uses (200 X 128) cells, provid-
ing streamwise resolutionnear x; of approximately 3 mm. The next
gridin sequenceuses a single cell deep feeder block and a single, re-
fined block (200 X 128) extracted from the coarser block to resolve
upstream and downstream influence of the temperature jump at X ;.
This provides streamwise resolution around x,; of approximately
0.3 mm.

The finest grid uses a single cell deep feeder block and three
active blocks (89 X 128), (128 X 128), and (90 X 128), resolving
the shock layer near X ;. The second of these active blocks pro-
vides another factor-10 increase in streamwise resolution near X ;
to approximately 0.03 mm. This grid and associated simulation of
pressure contours in the constant wall temperature case is shown in
Fig. 3.

C. Application to a Wall Temperature Jump

The imposition of an abrupt 10% increase in wall temperature at
x; induces changes in pressure and heating that are felt upstream
as well as in the wake of the discontinuity. As illustrated in Fig. 4,
the pressure jump is largest at X ; and the perturbation moves up
to the boundary-layer edge. A tiny (0.003 times the wall jump-
induced perturbation) pressure oscillation that had been observed
in the constant wall temperature calculation now disappears, being
overwhelmed by the much larger gradients in interactive pressure.
A broader perspective of this interaction field can be seen in Fig. 2,
which was presented in the Introduction.

The numerically simulated pressure and heating distributions
along the surface are replotted in unscaled form vs the transformed
coordinate X in Fig. 6 for both a constant wall temperature and
with the wall temperature jump. The highly resolved regions both
upstreamand downstreamof X ; are evidentin Fig. 6, as are the pro-
nounced local pressure rise and corresponding sharp heating spike
generatedby the temperature discontinuity. Another interesting fea-
ture to be seen in Fig. 6 is the occurrence of a very small residual
pressure shift in the asymptotic region far downstream, caused by
the very weak background inviscid pressure gradient that persists
downstream of the blunt nose of the plate being carried across the
interaction zone as indicated in Fig. 6.

V. Results and Discussion

A. Comparison of Analytical and CFD Solutions

A direct comparison of the present triple-deck theory with the
foregoing Navier-Stokes numericalsolutionfor the nondimensional
scaled pressure distribution p(£) is shown in Fig. 7 for the Mach 2
case. Itis seen that the shape, extent, and magnitude of the pressure
perturbationare all very accurately predicted by the triple-deck the-
ory throughout both the upstream influence and downstream wake
regions of the interaction. The same excellent comparisons are also
obtained for the corresponding nondimensional heat transfer pre-
dictions, as shown in Fig. 8; in particular, the theory is clearly able
to capture properly the important sharp peaking of the local heating
that occurs immediately downstream of the temperature jump, as
well as the slow subsequentapproach in the wake toward the proper
asymptotic value pertaining to the higher jumped wall temperature.
The sharp peak in heating is caused by the (X)~'/? singular behav-
ior associated with the 6 componentof the energy equation solution
[Egs. (16), (21), and (28)]; it presumably would be mitigated by the
even smaller-scale effects of streamwise diffusion.
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B. Anatomy of the Interaction

The foregoing validation of the accuracy of the triple-deck theory
solution now affords the opportunity to exploit its closed form to
further illuminate the physics of the downstream interaction field.
This has been done in Fig. 9, where the theory is broken down into
its component contributions according to Eqs. (27) and (28). This
clearly brings out how the short-rangedinteractivepressure gradient
and the associated rapid peaking of the local heating becomes neg-
ligible beyond X = 3, leaving a slowly decaying constant pressure
heat transfer wake that is the downstream tail of the jump-effect
component of the triple-deck solution. Note that even the already
small streamwise scale of both the triple-deck theory and the present
Navier-Stokes calculations still contains a discontinuous pressure
gradientand heat transferimmediately across the jump; presumably
smoothing these out would entail proceeding to an even smaller
A X scale astride the jump and incorporating streamwise viscous
(8*U/9X?) and heat conduction (8>7/3X?) terms.

This closer examination also affords the opportunity to compare
the triple-deck theory against a well-known integral method treat-
ment of the temperature jump problem based on classicalboundary-
layer theory.'”® Under the assumption of zero streamwise pressure
gradients and zero upstream influence, the latter yields the follow-
ing approximate analyticalexpressionfor the heat transfer variation
downstream of the jump:

-4
g = 1-[8;] (- 1)) (A7) 1)1 - 08 F 29
Far downstream,where X > X, thisexpressionapproachesthe cor-

rect asymptotic value pertaining to the postjump wall temperature,
in agreement with the triple-deck result (28). Furthermore, given
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contributions.

its underlyingisobaric nature, we might expect that Eq. (29) would
also describe the constant pressure far wake behavior of the inter-
active solution. To check this, we rewrite the outer expression (29)
in terms of the inner triple-deck variable X; setting X, =L we get
in the limit £ — O that

g=1-[H;| (Hyw - H)]

x{[c,p*] x%cfEF(TW/TREF)%g[X]%] +1}(aT, | 1))
(30)

where C; =(%)"32%3 =0.528. This is now compared with the
triple-deck result of Eq. (28) pertaining to the downstream con-
stant pressure wake region of the interaction, which can be written
in the comparable form

g=1-[H;| (Hw - H,)]

x{[csp7] /I%CEEF(TW/TREF)%S[X]%] +1}(aT,| 1))
31

with Cy= 0.729/(3)T'%/27 =0.538 and where the (X)~'/? term
dominates as X — 0. Note that Egs. (30) and (31) in the leading
&£ — 0 approximationpredictexactly the same basic dependenceon
all of the basic parameters of the problem including the (X)~"/3
decay with downstreamdistance, differing only slightly in a numer-
ical constant. That there should be some difference between them
is understandablein view of the drastically different upstream flow
histories involved. Whereas the boundary-layerresult (30) involves
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Fig.10 Effect of temperature jump amplitude on interactive pressure
distribution.

no pressure gradientwhatsoever, the triple-decksolution (3 1) results
from a strongly interactive upstream history including upstream in-
fluence.

C. Influence of Temperature Amplitude

Physical intuition and the preceding triple-deck solutions would
both suggest that the strength of the interaction is directly propor-
tional to the sign and magnitude of the nondimensionaltemperature
jump AT, /T, and this is indeed confirmed by the Navier-Stokes
solution results for three different AT, as shown in Figs. 10 (pres-
sure) and 11 (heating). In all cases, the triple-deck theory gives
a satisfactory account of both the local pressure and heat transfer
perturbation field including the situation where a wall temperature
decrease produces an expansive (rather than compressive) distur-
bance. Also note that the earlier mentioned slight downstream post-
interaction pressure shift associated with the small background in-
viscid pressure gradient grows in proportion to the strength of the
interaction, that is, to AT, , as one would expect.

D. Further Parametric Studies: Effects of Reynolds
and Mach Numbers

The applicationof the leading asymptotic approximation (¢ — 0)
of triple-decktheory at finite Reynolds numbers introducessome er-
ror that may be assessed by comparing with the numerical solutions
of the Navier-Stokes and thin-layer Navier-Stokes equations . This
is done in Fig. 12, where the Mach 2, 10% temperature jump pres-
sure distributions p(£) at two different practical Reynolds numbers
are compared with the triple-deckresultfor Re; — oo . It can be seen
that the finite Reynolds number effect serves to reduce slightly the
streamwise extent of the interactionin £, primarily in the upstream
influenceregion, the reductionincreasing with decreasing Reynolds
number Re; . This effect stems from the fact that, in contrastto what
is assumed in the triple-deck model, the upstream region of any
real interaction depends on conditions at the upstream start of the
interaction rather than at X =L; as discussed by Stewartson,’ this
leads to a modest Reynolds number effect that reduces the effec-
tive upstream influence distance in £. The present results for the
temperature jump problem are also in qualitative agreement with
an earlier theoretical study' of finite Reynolds number effects on
oblique shock-generatedinteractions.

Turning to a consideration of the Mach number effect, Fig. 13
presents a comparison of the 10% temperature jump triple-deck
scaled pressure distribution with the CFD solutions obtained at
three different Mo, =2, 4, and 6. [The nondimensional triple-deck
Egs. (8-10) are independent of M,, in the present leading order
of asymptotic approximation.] Note that as the freestream Mach
number increases and enters the hypersonic regime, the numerical
solution of the full equation set predicts a progressivelymore signif-
icantreductionin upstream influence along with a modestreduction
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Fig. 11 Effect of temperature jump amplitude on interactive heating
distribution.
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Fig.12 Finite Reynolds number effect on the interactive pressure field.

in the correspondingmaximum pressure. Analysisindicatesthat this
Mach number effect is the combined result of nonlinear effects in
both the inviscid pressure-flow deflection relationship and the tem-
perature jump interaction (neither of which are accounted for in
the present linearized treatment) plus the Mach number sensitivity
of the aforementioned dependence of the interaction on conditions
at the start of upstream influence instead of at X = L. Interestingly,
thereis little attendantMach number effect on the downstream wake
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Fig.13 Machnumber effect on triple-deck theory and CFD simulation.

behavior. Also note that the local heat transfer behaves similarly to
the pressure as regards these Mach number effects.

VI. Conclusions

This paper has presented a new analytical theory of wall temper-
ature jump-generated interactions in supersonic flow that captures
all of the major physics of the resulting pressure and local heat
transfer behavior, including upstream influence. Validating com-
parisons with Navier-Stokes numerical solutions were given that
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establish confidence that the closed-form analytical results may be
used effectively as a locally interuptivemodule within a larger-scale
CFD design code to avoid costly resolution of the small-scaleinter-
action physics (especially heat transfer) by the code.

An obviously related problem to the present one is that of dis-
sociated gas flow past a wall with a jump in the surface catalycity
(heterogeneous recombination rate). This situation arises in con-
nection with thermal protection system design for hypervelocity
vehicles operating in the high-altitude nonequilibrium flow chem-
istry regime where there is a discontinuityin the surface material at
some stationalong the body. A preliminary treatmentof this problem
based on classical boundary-layertheory (neglecting any pressure
interaction or upstream influence) has been presented already by
the present authors'; the present work now points the way to extend
this analysis to include the interactive aspects. A complete ana-
lytical treatment of the catalytic jump problem using a triple-deck
approachis currently nearing completion (although similar in many
respects, certain of its details are more complicated than the tem-
perature jump problem). This work, like the present, will include
direct comparisons with Navier-Stokes numerical solutions across
the jump.

Appendix: Constants in the Triple-Deck
Analytical Solutions

In Eqgs. (25-28), we have
¢ =2 %0729 Prit
C, =2 x0.315[1 + 0.196(1 — Pr)]
C5 = V3 x0.729] 2zPri it

C, = V3 X0.729T(2/3)| 27Prixt

1
Cs = V3 x0.7290(1/3)B7| 2727 C3 (T, / T0)?
C(, = % \/§C2| 2
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